A FORMAL APPROACH "A LA NEUKIRCH" OF £-ADIC CLASS FIELD 

THEORY 



Stephanie Reglade 



Abstract: On the one hand Neurkirch has developed general class field theory in his book "Class Field Theory", 
and on the other hand Jaulent has developed i-adic class field theory in his article "Theorie l-adique du corps 
des classes". The question is to know whether it is possible to deduce i-adic class field theory from abstract class 
field theory, which requires in both cases (local case and global case) to define the degree map, the G-module, the 
valuation and to prove class field axiom. 
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Introduction: 

The l-&d\c class field theory, developed by Jaulent, claims, in the local case, the existence of 
an isomorphism between the Galois group of the maximal and abelian pro-£-extension of a local 
field Kp and the £-adification of the multiplicative group of this local field; in the global case the 
existence of an isomorphism between the Galois group of the maximal and abelian pro-£-extension 
of a number field K and the ^-adification of the group of ideles. The goal is to formalize this 
theory, following Neukirch. It requires to define the degree map, the G-module and the valuation 
in the local and in the global case. Then it requires to check that the valuations are henselian with 
respect to the degree map, and to prove in each case the class field axiom. 
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1 Preliminary 

1.1 Notations 

Let's introduce the notations: 
For a local field : K p 

1Zk p = ^m fe Kp /K p l : the ^-adification of the multiplicative group of a local field 

Uk v = ^hn fe U p /Up k : the i?-adification of the group of units U p of K p 
fip : the I- Sylow subgroup of the group of roots of units 

For a number field : K 

TZk = %e ®z K x : the ^-group of principal ideles 
\Jk = I\ r V ePi K n K f ■ the ^-group of ideles K 
Uk = Y\ pe pi K Uk v ■ the subgroup of units 
Ck = Jk/TIk ■ the idele class ^-group 

1.2 The Z^-cohomology 

As we focus on Z^-modules, we will use the following cohomology. 

Definition The starting point is a Z[G] projective resolution where G is a ^-group: 

F n — > F„_i — >• ► Fi — »• F — > Z — ► 

Applying the functor Hom G (.,Z^ ® A) we obtain: 

— ► Hom G (Z £ , Z e tg> A) — ► Hom G (Z £ ® F , Z e ® A) — > Hom G (Z £ ® F x , Z £ ® ,4) — > • • 

► Hom G (Z £ F„_i, Z/ A) ^ Hom G (Z £ ® F„, Z £ ® A) -S Hom G (Z £ F„+i, Z t ® A) ■ 

We will denote rL?(G,Z £ ® A) = Ker^/Im^-i- 
Theorem 1.2.1. If G is a l-group, and A a G-module then: 

H i i (G,Ze®A) = Z e ®H i (G,A) 
Proof. We start with the Z[G] projective resolution: 

F n — > F„_! — > > F : ^ F ^ Z ^ 

Applying the functor Hom G (.,A) we get: 

— > Hom G (Z,A) — >• Hom G (F ,,4) — > Uom G (F 1 ,A) — > ■■■ 

> Hom G (F„_i, A) ^ Hom G (F„ , A) Hom G (F„ + i, A) — ► • • • 

So: 



H"(G,A) = Kcrf n /Im<J n . 



i- 



But the Z[G] projective resolution is an exact sequence, using the fact that Zt is a flat module 
(cf [Li]), we then obtain: 

Z t ® F n — > Z t ® F„_i — > > Z £ ® Fi — > Z £ ® F — ► Z t — > 0. 
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Applying now the functor Hom G (., Ze ® ^4) we get: 



— > Hom G (Z £ , Z £ ® A) — > Hom G (Z £ (g> F , Ze® A) — > Hom G (Z £ <g> F 1} Z e <g> A) 
So by definition 



S _, 5 

Hom G (Z £ ® F„_i,Z £ ® A) — > Hom G (Z £ ® F„,Z^ <g> A) — 



H?(G,Z< ® A) = Kei</Im<d- 

Yet 

Hom G (Z £ ® Fj, Z e <g> A) = Z^ <g> Hom G (G, A) 

as in the projective resolution we can choose the Fj free: and using the additivity of the functor 
Hom G (., A) it suffices to check the property on Z[G]; but 

Hom G (Z[G], A) ~ Aand Hom G (Z £ [G], Z £ ® A) ~ Z £ ® A. 

Moreover 

Ker<5„ — Ze® Ker<5„and Im5 rl _ 1 = Z^ <g> Ini(5„_i. 

Indeed let's consider the following maps u : M — > N u : Ze® M — > Ze ® N; so we have this 
exact sequence: 

— >• Ker(u) — > M — > Im(u) — > 0. 
then using the fact that Ze is a flat module: 

— > Z e ® Ker(w) — > Z e ® M — >■ Z £ ® Im(u) — >■ 0. 

Moreover we have Im(u) C N and as Z £ is a flat module, we also have Z £ ® Im(«) C Ze ® N, so 
we get the previous result. Finally, 

Ker^ l /Im<5^_ 1 ~ Z £ ® (Ker5 n /Im5„_i). 

□ 



2 Local £-adic class field theory 
2.1 Introduction 

In the following t is a fixed prime number. The fundamental local £-adic theorem is the following: 

Theorem 2.1.1 (Jaf). Given a local field K p , the reciprocity map induces an isomorphism of 
topological Ze-modules between 1Zk p = hm fc Kp / Kp and the Galois group T>p = Gal(Kp b / Kp) 
of the maximal and abelian pro-l- extension of Kp. Trough this isomorphism, the image of the 
inertia sub-group I p is the sub-group of units Uk p of 1Zk p ■ The reciprocity map induces a one 
to one correspondence between closed sub-modules oflZKp and abelian i-extensions of K p : in this 
correspondence, finite abelian ^extensions are associated to closed sub-modules of finite index of 
1Zk p ! it means to open sub-modules of 1Zk p ■ 
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The purpose is to prove the existence of the local reciprocity map using Neukirch's abstract 
class field theory. 

We consider the following general framework: G is an abstract profinite group, whose closed 
subgroups are denoted by Gk , those indices K are called "fields". 

1. We denote by k the field such that Gk = G, 

2. We denote by k the field such that Gj, = {1}, 

3. If G L C G K , we write K C L, 

4. L/K is said finite if Gl is open (it means closed of finite index) in Gk] the degree of [L : K] 
is then defined by [L : K] = (G K :G L ), 

5. We write K = f] if, for G K = ^iG K% , 

6. We write K — f)Ki for Gk — Yii Gki , it means that Gk is topologically generated by Gki , 

7. If Gl is normal in Gk we say that L/K is a Galois extension and we write Gal(L/K) = 
Gk/Gl, 

8. If K is a finite extension k we define K — K ■ k (where k is defined above). 

The first point of the theory is a homomorphism called the degree: the degree is a 
continuous and surjective homomorphism: deg : G — > Z; the kernel of the degree is a subgroup 
of G denoted by Gj, = I such that G/G k ~ Z. We can restrict the degree to Gk and define: 

f K = (Z : deg(G K )) e K - (G k : G K ) I K = G K . 

If L/K is an extension we put: 

h/K = (dcg(G K ) : deg(G L )) e L/K = (Ik : I L ) 

which are called the inertia degree and the ramification index. They check the following relations: 

Il/k = Jl/Ik [L : K] — e L / K • Jl/k- 

The second point of the theory requires a G module and a henselian valuation with 
respect to the degree : for Neukirch (Algebraic Number Theory p 276) a multiplicative G 
module A is an abelian multiplicative group on which G operates through its automorphisms. 

a : A -> A 

This action satisfies the following rules: 

(i) a 1 = a 

(ii) (ah)" = a a -b a 
(Hi) a a r = (a a ) T 

(iv) A = \J[ K:k ] <00 A K where A K = {a E A \ a a = a, Vcr e G K } = A Gk and where K runs 
trough all finite extensions of k. This condition (iv) is equivalent to say that G acts continuously 
on A which means that the following application 

4> : G x A -> A 
(cr, a) M> a a 
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is continuous if A is equipped with the discrete topology. 

We denote by A^the elements of the G-module A which are fixed under the action of Gk a 
subgroup of G. For Neukirch (Algebraic Number Theory p 288), a henselian valuation of Ak with 
respect to deg : G — > Z is a homomorphism checking the following properties: 

(i) v(A k ) = Z such that Z C Z et Z/n ■ Z ~ Z/n ■ Z for all n 

(ii) v(N k /),Ak) = fx-Z for all extension K of k. The norm map, which goes to the G-module 
Ak in Ak, is defined by: 

where a runs through a representative coset of Gk/Gl- 

The third point of the theory is the class field axiom: 

Axiom 1. For all cyclic extension L/K, we get: 



mG(L/K),A L \ = {[ L --^ fJ=J_ 



for i = — 1 

In this context Neukirch proves the following fundamental theorem: 
Theorem 2.1.2. If L/K is a finite Galois extension the homomorphism 

r L/K : G(L/Kr b -> A K /N L/K (A L ) 

a i ^ A s/k (tt s ) mod N L/K A L 

where E is the fixed field of a E Gal(L/K), (which is the Frobenius lift of a) and tty, is a prime 
element of A^ is an isomorphism. 

We know want to define the degree, the G-module and the henselian valuation in the context 
of ^-adic class field theory in order to obtain the reciprocity map. 

2.2 The degree 

We consider the following context: by definition a ^-extension is a Galois extension whose Galois 
group is a ^-group. 

k is a local field, (we use this notation instead of k p ). 

k nr is the maximal unramified pro-^-extension of k: the compositum of all unramified £- 
extensions. 

k is the maximal pro-£-extension of k: the compositum of ^-extensions. 

k 



We write 
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G = Gal(fc/fc) 



Definition-Proposition 

The degree map is defined by: 



deg : G -» Z £ 
4> i-> </>i,„ 



Thus this is a surjective homomorphism. The kernel of this homomorphism is G^; we will denote 

J = Gfcnr SO, 

G/7 - G/G k ^ ~ Gal(fc nr /fc) ~ Z £ 

Proof. <f> 6 G, is a fc-automorphism of fc, whose restriction to fc" r defines an element of Ze, due 
to the following homomorphism 

Gal(fc/fc) ~ %f 

The surjectivity is due to the fact that Gal(fc™ r /fc) ~ G/Gfenr. □ 

Definitions: Given a finite ^-extensionif of k ,we put: 

f K = (Z, : deg(Gx)) & = (/ : J K ) 

Ik = I r\ Gk = Gk nr n = Gx-k nr — Gx nr 

J^ n r j^n r 



k if 

Definitions: If L/K is a finite ^-extension we put: 

/l/k = (deg(Gif) : deg(G L )); e L/K = (I K : I L ) 

Proposition 2.2.1. We have the following fundamental relations: 

Il/k = Il/Ik 
e L /K ■ fh/K = [L: K] 

Proof. Neukirch p. 286. □ 

2.3 The G-module 

We consider the following G-module: 

A = lim7?. Lqj 

where L<$ runs through all finite extensions of K p , where 1Zl v = hm fe L^/L^ . It can be 
canonically identified to 

A= |J K L<V . 

[Lrp-.K v }<co 

If iqj is a finite extension of K v , 

is our Gal(L<p/-Kp) module. (The group acts components by components.) 
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2.4 The valuation 



In ^-adic class filed theory, the degree is a homomorphism from G to Z<, and the valuation v is a 
homomorphism from Ak to Z^. In this part, we denote by Kp a local field. 

Proposition 2.4.1. For a finite extension L<p of a local field Kp 

A Lv = TZ L , V = hm 

k 

is our Gal(L<$ / ! k) -module. Due to the explicit expression o/TZl^: 

n Lv -^-^ if It 

the valuation vl gives the power in of the uniformising element. This valuation is henselian 
with respect to the degree, according to the previous definition. 

Proof. For a local field K p the valuation v p is linked to the explicit expression of 1Zk p v p : 1Zk p — > 
l*e where 

Thus Vp is a surjective homomorphism: 

Vp(lZK p ) = Z^; moreover Vn e N we get Z^/n.Z^ ~ Z/n.Z. 

The first point (i) of the definition is checked. Moreover vl '■ — > can also be viewed as 
the continuation of the usual normalized valuation of L<$, denoted by wl- In fact, we have the 
following commutative diagram: 

> TZ Lv 



tOrp 



If L<p is an extension of a local field Kp, 



If Up is the valuation on 1Zk p , we denote by w p the usual normalized valuation on K p , and we get 
the following commutative diagram: 



K 



Z 



Due to properties to local fields, w v extends uniquely to iqj by: ^ L ^. K ^ (wp ° ^L v/Kp ) and thus 
iquely to L< 

■ v v (K Lsv ) 



Vp extends uniquely to L<p. As 
1 



e L v /K p 
1 



w<$ is the continuation of w p , we get: 

1 



So we deduce that 



[L V : K v ] 



v p { n l v /k p Kk p ) = 



e Lv /K p jL v /K f 



Vp(N Lv/Kp TZ k ) 
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h v /K p ■ v v {Tl Lv ) = v k (N Lv/k K k ) 

Yet we have the relation fh v /K p — fh v / Jk v , and due to the definition of fx p we have fx p = {Zg ■ 
d(Gx p )) — 1 as the degree is surjective. Finally, we get: 

fL v /K p ■ v^{K Lv ) = f Lv /K p ■ %e = v p {N Lv/Kv K Kp ) 
for all finite extension L<$/K p of K p , the second point point (ii) is also checked. □ 

2.5 The class field axiom 

Theorem 2.5.1. For all cyclic I- extension L<$ of a local field K p we have 

\BHG{L V /K P ),K L9 )\ = { f* :K ^ f or \= = \ 
Proof. Let's denote G = G(L V /K p ) 

First step: We are going to prove that h(G,1ZL v ) = [L<p : K p \. Let's consider the following exact 
sequence, where Zg is considered as a trivial G-module. 

1 — > U Lv — > K Lv J^. Z/ — > 1. 
U Lv ~ U% • tt^ and U Lv ~ if W 

Kl v = W • 7r^ and W Lq3 ~ /u<p if *P 

where /x<p is the f Sylow subgroup of the group of roots of units in , where Um is the subgroup 
of principal units of L<p, where vl is the valuation obtained with the explicit expression of 1Zl v - 
As G is a finite cyclic group, we get using the property of the Herbrand's quotient 

h(G,1Z Lv ) = h{G,UL v )-h(G,Z e ) 

And Zg is considered as a trivial G-module: 

H°(G,Z £ ) ~ Zg/(\G\ -Zg) and H _1 (G,Z £ ) is trivial. Thus h(G,Zg) = [L> v : K p ]. 

Consequently it suffices to show that h(G,UL v ) = 1. 

Ifty \l: as /xq} is the ^-Sylow subgroup of the group of units in L<$ it is a finite group, so a finite 
G-module; and using Herbrand's property we get H(G,Ul v ) = 1. 

If¥\£: due to Neukirch's proof (p. 40 Class Field Theory) h(G, U L<fs ) = 1 and with the following 
exact sequence: 

1 — > Ul v — > (7 L „ — ► £^„ / t^„ — > 1 

By Hensel's lemma Ul^/U^ ~ k* where k is the residue field. So ]i(G,Ul v ) — h(G, U\ ) • 
/i(G, {/ l v /Ul ). In this case we also obtain, ft(G, ?/£ ) = 1. In both cases, we have h(G, Ul v ) = 1. 

Step 2: Let's show that h{G, L^/ L^ dlv ) = [L v : K p ] 

Hensel's lemma gives the structure of the multiplicative group: 
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where /isp is the £-Sylow subgroup of the group of roots of units and n% is its ^-divisible part. 

case 1: If *p \t then and I are distinct, so I is invertible in 1g thus U\ is ^-divisible. Finally 
^sp • C/(p is ^-divisible. As h(G, ^ ■ U^) — h(G, ^) ■ h(G, U^); and because /j,^ is a finite group 
so a finite G- module h(G, U^) — 1; consequently: 

/i(G,/4p-C^) = l. 

Moreover, if A is a G-module by definition H°(G, A) = Ker(#)/Im(z/) where 



A ->■ A 
a i — ?• ((j — l)a 



a i-> (1 + ctH h(T [L,Jj:Xpl )a 



If a G Ker(5) and a £ L^ v then a £ (/% • C^fp) G but the extension is a Galois extension so: 

where K p x ~ ^ p • ^ p • • 7Tp . Consequently a 6 fi p ■ U p , which means to the ^-divisible part of K p 
and we can choose b £ K p x such that a = b elL ' v ' Kp] = N(b). It follows that H°(G, L^ div ) = 1, as 
h(G,L^ dtv ) — 1 we finally get R 1 (G,LZ d2V ) = 1. Let's consider the following exact sequence: 



xdiv 



r x 



t y. I t xdiv 



As G is a cyclic group, we obtain the following Herbrand's hexagon: 



K°(G,L xdiv ) >H°(G,L*) 



H°(G,L$/L*») 



H-^G,^)^ R-\G,L^) 

And we extract the following exact sub-sequence: 

1 — > H-^G,^) — ► H-^Gi^/L^) — > 1 
Hilbert's 90 theorem and the fact that G is a cyclic group lead to H~ (G, L^) = 1 So we deduce: 

H- 1 (G,L^/L^) = 1 
Moreover we also have the following exact sequence: 

1 — ► H°(G,L*) — ► H o (G,L*/L* d "0 — ► 1 
Using the local class field axiom we deduce that: 

H°(G,L*) ~H°(G,L£/L*«) so |H°(G,L*)| = |H°(G,L$/L*»)| = [Lq, : tf p ] 
So in this first case: 
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h{G,L%/L* dm ) = [L v :K p ] 

case 2: If *#\t the group /itqj is ^-divisible, and as the group of principal units is a noetherian 
Z^-module, it is isomorphic to the inverse limit of its finite quotients. 

T X ~ ,,° JT 1 . ir Z 

^qj — -Uy tt^ 

div part 

And fi^ is a finite group, so h(G, fj,^) — 1; using the same arguments as before we finally obtain 
that Hf?(G,Ly div ) is trivial. 

Consequently in both cases: 

h(G,Ly/Ly lv ) = [Lqj : K p ] 

Step 3: Conclusion 

By step 1: h{G,K Lv ) = [Lqj : K p ]. 

By step 2: h(G,L%/L* div ) = [L v : K p }. 

Moreover, L<$/K v is a cyclic ^-extension of a local field: so it checks the class field ax- 
iom: h(G,L^) = [L<p : K p }. As U L<fs = lim fc L*/L* e = Z e (g> L^/L^ div and as by property 
H°(G,LX/L* div ) = B° e (G,Tl Lv ) we obtain 

\U?(G,L*/L**<>)\ = \R° e (G,n Lv )\ = [Ly : K p ] 

Consequently 

h(G,K Lv ) = h{G,L^/L* dm ) - [L„ : K p ] 

so we deduce: 

Hj 1 {G,H Lv ) = l. 

And as G is cyclic, we get 

h\{g,h Lv ) = i. 

□ 

2.6 Conclusion 

Theorem 2.6.1. (deg, v) is a class field pair, and Ak = TIk p checking the class field axiom, then 
for all Galois I- extension L«p of a local field K p we get the following isomorphism: 

Gal(L v /K p ) ab ~ K K jN Lv/Kp K Lv . 

In particular for all abelian ^-extension of a local field: 

Gal(Ly/K p ) ~ Ti K JN Lv/Kv n Lv . 

We then get a one to one correspondence between finite and abelian t-extensions of a local field and 
the closed subgroups of finite index of 1Zk v ■ 
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3 Global £-adic class field theory 



3.1 Introduction 

The fundamental global ^-adic class field theory is the following: 

Theorem 3.1.1 (Jal). Given a number field K, the reciprocity map induces a continuous iso- 
morphism between the l-group of ideles Jk of K and the Galois group = Gal(K ab / K) of the 
maximal abelian pro-t- extension of K . The kernel of this morphism is the subgroup TZk of princi- 
pal ideles. In this correspondence, the decomposition subgroup T> p of a prime p of K is the image 
in of the sub-group TZk p of Jk; and the inertia sub-group 2 p is the image of the subgroup 
of units Uk p of TZk„ ■ The reciprocity map leads to a one to one correspondence between closed 
sub-modules of Jk containing TZk and abelian £-extensions of K . Each sub-extension of K ab is 
the fixed field of a unique closed sub-module of Jk containing TZk ■ In this correspondence, finite 
and abelian l-extensions of K are associated to closed sub-modules of finite index of Jk containing 
TZk, it means to open sub-modules of Jk containing TZk- 

The goal is to prove the existence of the reciprocity map in the global case using Neukirch's 
abstract theory. 

3.2 The class field axiom 

Proposition 3.2.1. // L/K is a finite extension then the injection of Jk in Jl induces an 
injection between their idele class l-groups: 

Ck — > Cl 
a ■ TZk 1 — ► oe ■ TZl 

Proof. The injection of Jk in Jl sends TZk = ^t® K x in TZl 

Jk > Jl 

Jk/TZk ► Jl/TZl 

This application leads to a homomorphism between Ck and Cl- To show that this homomorphism 
is injective it suffices to show that Jk H TZl = TZk- To do this, we consider M/K a finite Galois 
extension, whose Galois group is denoted by G, which contains L. 

M 



L 



K 

so 

Jk C Jl C J m 

thus 

JKmz L cj K n tz m c (j k n tz m ) g c j k n n% = J K n tz k = tz k . 



li 



□ 

Proposition 3.2.2. If L/K is a finite Galois l-extension, whose Galois group is denoted by 
G = Gal(L/K), then Cl the idele class £-group of L is canonically a G-module and: 



Proof. Jl is a G-module which contains TZl as a sub-G- module, for all a 6 G, a induces an 
automorphism of Cl'- 

Cl -»■ C L 

a ■ TZl i-> a(a) ■ TZl 

We have the following exact sequence: 

1 ^ TZl ^ \Jl ^ Cl ^ 1 

5wi i/0 — ► ^4 — ► £? — ► G — > is an exact sequence of G -modules then we have the following 
exact sequence: — > A G — > B G — > C G — > H\G, A) 

Consequently, applying this property here, we get: 

□ 

Let's show that TZ G = TZk using TZl = %e ® L x . Moreover we have the following property 
J G = J K . We also have to check that Y£(G,1Z l ) = 1. 

Proposition 3.2.3. If A is a G-module with G a cyclic group then we get: (Z^ (g A) G = (g A G 7 

w/iere ^4 G denotes the fixed points of A under the action of G. 

Proof. G is a cyclic group, 

H°(G,A) = s A/ A v et H 1 (G, A) = „A/i4 4 

(where we denote the kernel below on the left, and the image above on the right) so we have the 
following exact sequence: 

1 — > S A — > A-^ A 5 — ► 1 
We use the fact that Z^ is a flat module to obtain the following other exact sequence: 

1 — > Z e <g> S A — > Z £ O A -A Z £ <g A 5 — > 1. 
Denoting „4 = Z^ (g A we get by the definition of the kernel of 6: 

s A = Z e ® s A 

and by definition $A — s(^e <g -A); as the fixed points are just the kernel of 5 we get the result. □ 

Previous proof: 

Due to the previous proposition, we get: TZ G = TZk- 
Due to the theorem 1.0.1 and 90 Hilbert's theorem, we have: H^G,^) = 1. 
Consequently we get: 
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1 ^ T^-k ^ Jk ^ Cfj y 1 

so Cf = C K - 

Theorem 3.2.1. The Herbrand quotient of the idele class t- group. If L/K is a Galois cyclic 
i-extension of finite degree £ n , whose Galois group is G = Gal(L/K) then 

h[U,L L ) - \hHg,C l )\ - 1 ■ 

In particular (Ck '■ N l / k Cl) > n. 

Proof: Step 1: If S is a set of primes big enough: 

Jk = J$- Hk 

with 

s 

and 

^1=11(^)11^) 

pes p^s 

where S runs through finite sets of primes of K. We are going to use the following topological 
direct sum: 

Jk = V k ®U k 

where T>k is the £-group of the classes of divisors of K 7 which can be identified to the Ze multi- 
plicative module built on ir p . 

p^5c p|oo 

Indeed we are going to consider this map: 



Jk V k 

lp^6o 1 



ctp G Ti-Kp et Vp is the valuation on 1Zk p which is just the power in of the uniformising element. 
This homomorphism is a a surjective one, whose kernel is: a G Jk such that Vp J(oo,Vp(a p ) = 
i.e a p G Lip. The kernel is just J^°° . So we get the isomorphism: 

JkUIt - v k 

If Vk is the £-sub-group of principal divisors, which can be identified to the image of TZk in T>k, 
we get: 

Kk-Jk^Uk 00 ^V k 
And using the double quotient theorem: 

JkIKk ■ Jk°° - V k /Vk 

By [Ja 1 p. 364] T>k/Vk — C£k can be identified to the ^-Sylow sub-group of the restricted class 
group. As T>k/Vk is finite, we choose a\, d2, ... , ah cosets of each classes in Vk/Vk- Pi, • • • , Pz 
are the primes which divide ai, 02, . . . , a^. If S is a set of primes sufficiently big enough: it 
means containing the infinite primes and the primes pi, ... , pf . We have Jk/Jk°° — "Dk\ take 
oe = (oe p ) G Jk then a = Jlp^io p Vp ^ ap ^ is an element of T>k, and the class of this divisor modulo 
Vk can be written dj • Vk, so a — <Xj • d where d is a principal divisor: d G TZk- Then the idele 
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a = a ■ d 1 is sent through the previous homomorphism to a = Jlp^6o p Vp ^ c " f '^ and as all primes 
are contained in S, we get v v (a v ) = for all p ^ S. So a £ and consequently a £ ■ TZk- 

Step 2: the cohomology of Jl and J I Introduction: If L/K is a Galois extension whose Galois 
group is G, we define: 

$1 ~ Ilqjip K-L v 

for each prime p of K. 

As an element of G switches the primes over p, j£ and U V L are G- modules and so we have: 

Jl = U p JI u L = Yl p u v L 

Given <}3 is a fixed prime of L over p, Grp = G&\(L^/ K v ) C G the decomposition subgroup. If a 
runs through the cosets G/G<p then er(*P) runs through the different primes of L over p, and 

3l = Tla£G/G v ^L a{v ) = Tla£G/G v (T ('^'L V ) 
U L = Tla£G/G v U L a{v ) 

Recall: If g is a subgroup of finite index in G we can describe the induced G-module by Mq = 
®aeG /9 °(B) 

Proposition 3.2.4. j[ et are induced G-modules and 

Convention: If S is a set of primes of K we define: j£ = j£, where S is the set of primes of L 
over S. Then we have the decomposition of G-modules: 

^=11(11^)11(11^) 

pes qp|p p£S <p|p 

so using our notations, 

pes p£S 

Proposition 3.2.5. If S is the set of primes containing the infinite primes and those which ramify, 
then for i = 0, 1 we get: 

J )^(G,J L 5 )^0^(Gq } ,^ Lip ) 

pes 

where is a prime of L over p, Gsp is the decomposition sub-group 

ii)H i {G,J L ) = ^H i {G^,n Lv ) 
p 
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Proof. 

Jl=(B^i® v where v = U u i 

pes p£S 
We obtain for i = 0,1 the isomorphism: 

H'(G, Jl) = H*(G, J L P ) © fT(G, V) 
pes 

and the injection: 

Moreover by the previous proposition J* and U V L are induced G-modules, so 

H*(G, Jl) ~ H*(G, Mq V 1Zl v ) =s tf(G v ,H Lv ) 

IT(G,W>) ff(G,M^^) ~ ff (Gq3,W Lip ) 

Recall (Neukirch p. 10-11. "J if g is a sub-group of finite index inG, B a g-module then ff{G, MqB) ~ 
H l {g,B) for i = 0, 1. Due to the choice of S, if p S then L<$/K p is an unramified ^-extension 
and rP(Gfp, Wt^) = 1, using the next proposition. □ 

Proposition 3.2.6. Assume L<$/K p is an unramified l-extension then: 

ff{Gal{L^/K p ), U Lv )) = 1 for i = 0, 1. 
Proof. The following exact sequence: 

1 — ► U Lv — »• fti„ — > Z £ — ► 1 
induces a long sequence of cohomology: 

1 — ► W Xp — > ft*, — ► Zt - H^Gal^/^p),^) 

where the map 7?.^ — >• is the restriction of the valuation Vl v - As L<$/K p is an unramified 
extension: e Lv / Kf = 1; this restriction is surjective: 

K\GA{L v /K p )Ml v )) = \ 
and using the local class field axiom, the Herbrand quotient is trivial: 

h(Gal(Ly/K p ),U Lv )) = 1 

so we deduce: 

K°(G<d(L v /K p ),U Lv )) = l. 

□ 

Let 's go back to the proof: Consequently we obtain 

ff(G,jf)~© ^(G^T^) 
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And using the second part, 



W{G,J L ) = kmfP(G, Jl) = ^0^(^,7^) = 0H i (G„,ft Lw ) 



Step 3: The £-group of S-units is defined by: £f^ — TZk ("I We have to show that if S is a 
set of primes containing the infinite primes and the primes which ramify in L then: 

where n v denotes the index of the decomposition sub-group. This is due to the fact that the 
Herbrand quotient linked to a Galois module in a cyclic extension only depends to the character of 
the representation which is associated: indeed it gives the structure of G-module up to a finite; and 
we use the property which says that if you consider a sub-module of finite index then its Herbrand 
quotient is trivial; and this character is given by the Herbrand's representation character. 

Step 4 : conclusion Assume S is the set of primes described before, then we have the following 
exact sequence: 

i—>£l—>j£—> j£ ■ n L /n L =c L —n. 

As L/K is a cyclic ^-extension, by the property of the Herbrand quotient, we get: 

h(G,Ji) = h(G,£^)-h(G,C L ) 

But 

H 4 (G,J L s )^n peS H*(Gq3,7e Lq3 ) 
for i = 0,1, and using the local class field axiom we get: 

\H°(G v ,K Lv )\=n p 
\U 1 (G v ,K Lv )\ = l 

So, 

h(G,Ji)=U P es^P 
And by step 3: h(G,£[) = j^Y\ pe s n p: we deduce: 

h(G,c L ) = r 

Theorem 3.2.2. If L/K is a cyclic l-extension of algebraic number fields then: 



\ff{G{L/K),C L )\ = { [ L: 



K] fori = 
for i = 1 
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Proof. By the Herbrand quotient of the idele class ^-group one gets; 

h{G(L/K),C L ) = [L:K]=r 
as by hypothesis L/K is a cyclic ^-extension. It therefore suffices to show that 

K-\G{L/K),Cl) = R\G(L/K),C L ) = 1 

as G is a cyclic group. 

We prove this by induction on the degree n. 
(i) If n = then L = K so this is true. 

(m) Assume n > 1 and that the property is true for the rank n — 1, let's consider L/if an 
extension of degree £™. 

1) If n > 1 then t < £ n , let M/K be a sub-extension of L/K of prime degree £ 

L 

M 

K 

Recall: If g is a normal subgroup of G, let A be a G-module, then we have the following exact 
sequence: 

— > H 1 (G/g, A 9 ) — > H 1 (G, A) — > H 1 ^, A) 
so we obtain the following exact sequence: 

1 — ► H 1 (G(A/f/X),C A f) — > H 1 (G(L/^),C L ) — > H^L/M),^) 

and by assumption 

H 1 (G(M/i^),C M ) = 1 as |G(M/JQ| = * 
H 1 (G(L/M),C L ) = 1 car \G(L/M)\ = l n ~ x < l n 
Consequently using the previous exact sequence, we get 

R\G(L/K),C L ) = 1 
2) If n = 1 then L/K is a cyclic extension of prime degree I 
We have this exact sequence: 
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By the Herbrand quotient (as G is cyclic) one gets: 

U°(G,TZ L ) ^R°(G,J L ) 



H-\G,C L ) 



H°(G,C L ) 



H-\G,J L )* Br\G,Tl L ) 

And by the cohomology of the group of ideles Jl one gets: 

By the local class field axiom, one deduces H (G, Jl) = 1- As we know the Herbrand quotient 
of the idele class £-group we just have to show that for L/K a cyclic extension of prime degree 
H _1 (G,Cl) = 1- So it suffices to prove that the map from U°(G,K L ) to H°(G, J L ) is injective, 
which is true to the next ^-adic Hasse Norm Theorem. Consequently for L/K a cyclic extension 
of prime degree I one gets : 



□ 



Theorem 3.2.3. The l-adic Hasse Norm Theorem If L/K is a cyclic extension of prime 
degree £, an element of the (.-group of principal ideles is a norm from L/K if and only if it is a 
norm everywhere locally, i.e a norm from the completion L<$/K p where <P|p. 

Proof. Let sbea principal idele such that x — N L / K {y) where y g TZl- Since TZl can be injected 
in Jl, which can be surjected in 1Zl v taking the p-components one can deduce that x is a norm 
everywhere locally. 

Conversely assume x G TZk and write down x — x.y 1 as K x / ' K* 1 ~ TLk/T^k-, where x denotes the 
image of x modulo K xl . Since L/K is a cyclic ^-extension, y l is a norm. Moreover, by hypothesis 
a; is a norm everywhere locally which means that each component x p , for all p, is a norm. Using 
the usual Hasse norm theorem one can deduce that a; is a norm. □ 

3.3 The degree 

We fix an isomorphism such that : 

Gal(Q/Q) ~ Z/. 
Then the degree map is defined by restriction as following : 

deg : G = Gal(Q a 7Q) -> 

(j> H> 
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where Q ab is the maximal abelian la pro-^-extension of Q 

Qab 



If K/Q is a finite extension, we define: fK = [K(lQ-A 
case a surjective homomorphism 

d K = -j--d: G K 

JK 



and we obtain by analogy with the local 




where K = KQ. 
3.4 The G-module 

For the GQ-module A we consider the union of the idele class £-group Ck where K runs through 
the finite extensions of K: 

A = |J C K . 

[K:Q]<oo 

So Ak = Ck- For a finite and abelian ^-extension, we define the following isomorphism: 

[ . ,L/K] = n p (a P , V^p) for 

where L p denotes the completion of K p for a prime *p|p and (a p ,L p / K p ) denotes the local symbol. 
By the local class field theorem for all finite and abelian ^"-extension of a local field, one gets: 

Gal(VX p ) - K K JN Lv/Kp 1l Lv 



Proposition 3.4.1. If L/K and L'/K' are finite and abelian l-extensions of number fields such 
that K C K' and L C V , then the following diagram is commutative: 

Jk> l '- L ' /K '\ Gal(L'/K') 



N 



K'/K 



Jk 1 ' ,L ' K \ Gal(L/K) 



Proof. Take a = (a<$) E Jk' ■ On the one hand, one gets: 

(a v ,L' %s /K' %s ) /Lp = (N K ^ /Kp ( a%s ),L p /K p ) pour <£|p 
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And one the other hand: 



[N K , /K {a),L/K] = Y\ p (N K , /K {a) P: L v /K v ) = \[ p Yl^N^^ (c*p) = > L '^I K ^)/l = 

[a,L'/K'] /L . 

Remark: Neukirch p. 90 The previous proposition is still true if L/K is an infinite and abelian 
^-extension with [a, L/K] = Y[p( a pi Lp/K p ) where L p denotes the union of the completions L p /K p 
for all finite sub-extensions. The goal is to show that 

Va e U K , [a, K/K] = 1. 

K/K is contained in the extension of K obtained by adjoining roots of units. If we show that 
[a, (K(()/K)e] = 1, for a an element of the ^-group of principal ideles and for ( a root of unit 
one could deduce that [a, K/K] = 1 for Va G TZk, where (K(C)/K)i denotes the projection on 
the I- Sylow sub-group of Gal(K(()/K) (in order to use the ^-adic local symbol it is necessary 
to work with an ^-extension, this explains the use of the projection). So the homomorphism 
[ • ,K j 'K]/ ' Jk — > G{K/K) induces a new homomorphism, still denoted [ • , K/K] such that 
[ • , K/K]/C K — > G(K/K) as TZ K C Ker([, K/K]). □ 

Proposition 3.4.2. For all roots of units £ and for all a <G TZk one gets 

[a,(K(Q/K) e ] = l. 



Proof. We use the previous proposition [N k /q(o), 
it suffices to show the property for K = Q. But 



A = [ a ,( K (0/ K )e\/®(0- Consequently 



[a,(Q(C)/Q)£]C = II( a '(^(C)/Q P ))i 



Let's consider £ a q m root of units, with q m =/= 2. We take a £ TZq p and write a — u p ■ p"p( a ) 
where v p is the usual normalized valuation on Q p , which takes values in Z^. For p ^ q and 
p / oo the extension Q p (£)/Qp is an unramified extension. Due to the fundamental principle 
given by Neukirch (p. 30 Class Field Theory) which says that the local symbol associates the 
uniformising element to the Frobenius, one gets that (p, (Qp(£)/Qp))f corresponds to the Frobenius 
automorphism (f> p : ( — > ( p . Moreover the following diagram is a commutative one: 



K x 



( ■ \GeA(L v /K v )) 



> Gal^/ifp) 



the symbol on the top is the usual local symbol, and the symbol on the bottom is the €-adic local 
symbol. Consequently, one deduces 



with 



(a, (Q P (C)/Q P W = C p 

pv p (a) forp^zqetpy^oo 
- 1 iorp = q 



So 



sgn(a) for p ^ oo 

[a, (Q(C)/QWC = II( a ' (Qp(0/Qp)/) = C c 
p 

And due to the product formula, a — Y[ p n p — s 9 n ( a ) ' T[ p =£<x>P Vp ^ ' ' 



1. 



□ 
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3.5 The valuation 

Definition: We consider the valuation vk ■ Ck — > denned as following: 



Proposition 3.5.1. This application, well-defined, vk ■ Ck — > ^£ is surjective and is henselian 
with respect to the degree. 

Proof. l)For the surjectivity 

(i) Let's prove first that if L/K is a finite sub-extension of K/K then the map [ • ,L/K] : 
3k — > G{L/K) defined before by 

[a, L/K] = Y[(a p , L p /K p ) for a E J K 
v 

is surjective. Indeed the local symbol is surjective: so if one takes an element of the decomposition 
subgroup one gets a preimage in 1Zk„ and so in Jk ■ So the image of the ^-group of ideles through 
this morphism, denoted by [Jk, Gal(L/K)], contains all decomposition subgroups Ga\(L<^/ K p ), 
for all p which decomposes completely in the field M, the field of fixed points of [Jk, Gal(L / K)\. 
So one deduces M = K and [J K , Gal(L/K)] = Gal(L/K) and that [J K ,Ga\{K/K)] is dense in 
Gal(K/K). 

(ii) Moreover one gets [Jk, Ga\(K/K) = [Ck, Ga\{K/K)] due to the property of the £-group 
of ideles. The goal is to show that this subgroup is both closed and dense in [Ck, Ga\(K / K)], so 
one can deduce that 

[C K ,G&\{K/K)] = Gal(K/K) 
Consequently vk — Ak o [ • , Gal(K / K)] is surjective as the composition of two surjections. 

The previous step shows that [Jk , Gal(K/K)\ is dense in Gal(K / K); in order to show that 
this image is closed in G&\(K/K) we are going to use the fact that est compact, and that the 
map [ • , G&\(K/K)] of Jk in G&\(K/K) is continuous. As it is a group homomorphism, it suffices 
to show that the map is continuous in the neighborhood of the neutral. Let's consider such a 
neighborhood in Ga\(K / 'K) whose image is therefore of the shape of Ga\(K / L) , where L is a finite 
extension of K. The aim is to built a neighborhood of the neutral in Jk whose image through the 
map is trivial on Ga\(L/K). Yet the idele class £-group can be written as: 

Jk-UkX m p e 

where Uk is the £-group of units; thus a neutral neighborhoods system is: 

U K x ®«?' z < 

where IA K is an open submodule of Uk- We are able to choose k v such that the image of ir p 1 
is trivial through the local symbol. Indeed as K/K is a pro-cyclic extension and L/K is a finite 
extension whose order is given: [L : K] = £ n , it suffices to choose for instance k p > n. Consequently 
their images through the previous homomorphism are trivial on Gal(L/i^). Moreover if p\t then 
the local extension is unramified and the image of an element of U K is trivial. If p /\£ then 
thanks to the filtration of the group of units one can obtain a trivial image. Therefore for all 
neighborhood of the neutral of Ga\(K/k), of the shape Ga\(K/L), where L runs trough the finite 
and Galois extensions of K, we get a neighborhood of the neutral whose image is sent in the initial 
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neighborhood. Consequently the map is continuous from Jk with the topology of the inverse limit, 
in Gal(K/K) with the Krull's topology. That is why [C K , Gal(K/K)] is closed in Ga\{K/K). This 
image is both closed and dense, so: 

[C K ,Gal(K/K)} = Gal{K/K). 

2) For the second point (u) of the definition of a henselian valuation one gets 

vk(N l/k C l ) = v K (N L/K J L ) = d K o [N L/K J L ,K/K] 

using the definition of the valuation and the fact that a principal idele has a trivial image through 
the following map [ • ,Gal(K/K)} : [K K , Ga\(K/K)] = 1. Moreover d K = j^-d&Tid f L/K = f L /f K 
so that d,K = ShjK ' d-L- Due to the previous proposition, the following diagram is commutative: 

Jv Gal(L/L) 

J K 1 ' K/K] > Gal(K/K) 
consequently one gets [N l / k Jl,K/K] = [Jl,L/L] so one deduces: 

v K {N L/K C L ) = f L/K d L o [J L ,L/L] - f L ,KVL{C L ) = h/K^t 
using the fact that vl is surjective. □ 

3.6 Conclusion 

Theorem 3.6.1. Let L be a Galois £-extension of a number field K, let (deg,v) be a class field 
theory and let Ak = Ck be a Gal(L / K) -module satisfying the class field axiom then one gets the 
following isomorphism: 

Gal(L/K) ab ~C K /N L/K C L . 
In particular for all abelian (.-extensions of a number field, one gets: 

Gal(L/K)~C K /N L/K C L . 

We therefore obtain a one to one correspondence between finite and abelian (-extensions of a number 
field K and open subgroups of Ck ■ 

4 Conclusion 

Neukirch's abstract theory allows to prove the existence of the reciprocity map in the context of 
^-adic class field theory. Applying this abstract theory in the logarithmic context [Ja2], we hope 
to obtain new results, the more so as the logarithmic valuation is henselian. 
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